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THE REGULARITY OF EUCLIDEAN LIPSCHITZ BOUNDARIES WITH PRESCRIBED
MEAN CURVATURE IN THREE-DIMENSIONAL CONTACT
SUB-RIEMANNIAN MANIFOLDS
MATTEO GALLI
ABSTRACT. In this paper we consider a set E ⊂ Ω with prescribed mean curvature f ∈ C(Ω) and
Euclidean Lipschitz boundary ∂ E = Σ inside a three-dimensional contact sub-Riemannian manifold
M . We prove that if Σ is locally a regular intrinsic graph, the characteristic curves are of class C2.
The result is shape and improves the ones contained in [CCM09] and [GR15b].
1. INTRODUCTION
The study of the sub-Riemannian area minimizers start with the seminal paper [GN96], where
general properties and existence of sets with minimum perimeter are proved in Carnot groups.
In the last two decades many effort are been devoted to the develop of an exhaustive theory for
minimal surfaces in the sub-Riemannian setting. One of the main difficulties related with this
propose is to provide a regularity theory for critical points of the sub-Riemannian area functional.
Nowadays in sub-Riemannian geometry the optimal regularity of critical points of the area
is not clear. More precisely, there are only partial results under some assumptions on the reg-
ularity of the area-stationary surfaces themselves. Many author focused their attention on the
study of minimal C2 surfaces or isoperimetric sets with C2 boundary, see [DGN07], [DGNP10],
[DGNP09], [BSV07], [MSCV08], [RR08], [HRR10], [CHMY05] and [Pau04], among others. A
very clear introduction on this first results is presented in the monograph [CDPT07].
The first examples of non-smooth solutions of the Plateau problem with smooth boundary
datum in a regular domain are constructed in [Pau06]. Later on, in [CHY07] and [Rit09], the
authors find examples of entire graphs over the x y-plane, the so called t-graphs, that are area-
minimizers and Euclidean Lipschitz. On the other hand, we stress that these examples are not
H-regular graphs in the sense of [FSS01] and are smooth in their regular part. Another remark-
able result is the existence of a non-entire Euclidean Lipschitz H-regular graph that is a global
minimizers on a strip, [BSV07, Example 2.8].
In [CHY07] and [CHY09] it is studied the existence and the regularity of C1 t-graphs in Hn
that are critical points of the functional
(1.1) F (u) =
ˆ
Ω
|∇u+ ~F |+
ˆ
Ω
f u,
on a domain Ω ⊂ R2n, where ~F is a vector field and f ∈ L∞(Ω). When ~F(x , y) = (−y, x), the
integral
´
Ω |∇u+ ~F | is the sub-Riemannian area of the graph over the domain Ω in the x y-plane.
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Among several interesting results, they prove in [CHY09, Thm. A] that, in case n= 1, u ∈ C1(Ω)
is an stationary point of F and f ∈ C0(Ω), the characteristic curves are of class C2.
Theorem A in [CHY09] is well-known for C2 minimizers and generalizes a previous result by
Pauls [Pau06, Lemma 3.3] for H-minimal surfaces with components of the horizontal Gauss map
in the class W 1,1. For an explication of what horizontal means we refer to Definition 1.
In [CCM09] the authors consider a Euclidean Lipschitz minimal intrinsic graph of a function
u over a domain Ω inside a vertical plane. Under the assumption that u is a vanishing viscosity
minimal graphs (it means that there exists a family {u j} j∈N of smooth functions u j : Ω→ R con-
verging uniformly to u on compact subsets of Ω and such that the graph of u j is a Riemannian
minimal surface), they prove an intrinsic C1,α
H
regularity for the graph of u. As a consequence
they obtain that the graph of u is foliated by horizontal smooth parabolas.
Very recently, in [GR15b] the authors consider the sub-Riemannian prescribed mean curvature
functional
(1.2) J (E,B) = P(E,B) +
ˆ
E∩B
f ,
where E is a set of locally finite sub-Riemannian perimeter in Ω, P(E,B) is the relative sub-
Riemannian perimeter of E in a bounded open set B ⊂ Ω, and f ∈ L∞(Ω). If E ⊂ Hn is the
subgraph of a function t = u(x , y) in the Heisenberg group Hn, then J (E) coincides with (1.1)
taking ~F(x , y) = (−y, x). In [GR15b], see also [GR15a], they prove that an intrinsic graph of
a C1 function that is a critical point of the prescribed mean curvature functional is foliated by
smooth curves in a 3-dimensional contact manifold. Such curves, usually called characteristic
curves, are straight lines in H1, recovering the result first presented in [CHMY05] and [CHY09].
The aim of this paper is to refine the argument in [GR15b] to prove a results in the spirit of
[CCM09, BC11] without no assumption on the existence of a sequence of smooth minimal Rie-
mannian graphs approximating the initial sub-Riemannian minimal surface. We shall prove in
Theorem 4.2
Let M be a 3-dimensional contact sub-Riemannian manifold, Ω ⊂ M a domain,
and E ⊂ Ω a set of prescribed mean curvature f ∈ C(Ω) with Euclidean Lip-
schitz boundary ∂ E = Σ. If Σ is locally a Lipschitz regular graph, then the
characteristic curves are of class C2.
The regularity of characteristic curves provided in Theorem 4.2 allows us to define in Section 5
a mean curvature function H in the regular part of ∂ E, that coincides with f . As a consequence of
the definition of the mean curvature, we shall prove in Proposition 5.3 that characteristic curves
are of class Ck+2 in case f is of class Ck when restricted to a characteristic direction. Furthermore
we shall characterize the equation of characteristic curves in Proposition 5.5
Let E ⊂ Ω be a set of prescribed mean curvature f ∈ C(Ω) with Lipschitz
boundary Σ in a domain Ω ⊂ M . Then the characteristic curves in Σ − Σ0
are ∇-geodesics of curvature H, where H is the mean curvature function and ∇
the pseudo-hermitian connection.
We remark that ∇-geodesics are not in general sub-Riemannian geodesics, see Remark 5.4,
and examples of area-stationary surfaces foliated by ∇-geodesics that are not sub-Riemannian
geodesics can be found in [Gal14]. We note that Proposition 5.5 provides a characterization
of characteristic curves in general 3-dimensional manifolds. This characterization is more nat-
ural than the one presented in [CHMY05], [CHY09] and [GR15a]. Indeed the property that a
minimal surface is foliated by horizontal straight lines is not preserved by contact changes of
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coordinates. In the Heisenberg structure used in [CCM09] minimal surfaces are foliated by hori-
zontal parabolas, that are ∇-geodesics with vanishing curvature. We also stress that the structure
used in [CCM09], see also [BC11], is motivated by application in image reconstruction and vision
problems, see for example [CS06], [SCP08] and [Pet08]. Finally it is worth of mention that our
results are optimal in view of [BSV07, Example 2.8].
The paper is organized as follows. In Section 2 we provide the necessary background on
contact sub-Riemannian manifolds and sets of locally finite perimeter with prescribed mean cur-
vature. In Section 3 we describe Euclidean Lipschitz surfaces that are intrinsic regular graphs.
The main result, Theorem 4.2, is proven in Section 4. The consequences on the mean curva-
ture, higher regularity and a geometric characterization for characteristic curves will appear in
Section 5.
2. PRELIMINARIES
2.1. Contact sub-Riemannian manifolds. Let M be a 3-dimensional smooth manifold M equipped
with a contact form ω and a sub-Riemannian metric gH defined on its horizontal distribution
H := ker(ω). By definition, dω|H is non-degenerate. We shall refer to (M ,ω, gH ) as a 3-
dimensional contact sub-Riemannian manifold. It is well-known that ω ∧ dω is an orientation
form in M . Since
dω(X ,Y ) = X (ω(Y ))− Y (ω(X ))−ω([X ,Y ]),
the horizontal distributionH is completely non-integrable.
Definition 1. A vector field X is called horizontal if X ∈ H . A horizontal curve is a C1 curve
whose tangent vector lies in the horizontal distribution.
The Reeb vector field T in M is the only one satisfying
(2.1) ω(T ) = 1, LTω = 0,
where L is the Lie derivative in M .
A canonical contact structure in Euclidean 3-space R3 with coordinates (x , y, t) is given by the
contact one-form ω0 := d t − yd x . The associated contact manifold is the Heisenberg group H
1.
A basis of the horizontal left invariant vector is
(2.2) X0 =
∂
∂ x
+ y
∂
∂ t
, Y0 =
∂
∂ y
,
while the Reeb vector field is
(2.3) T0 =
∂
∂ t
.
Darboux’s Theorem [Bla02, Thm. 3.1] (see also [GR13]) implies that, given a point p ∈ M ,
there exists an open neighborhood U of p and a diffeomorphism φp from U into an open set of R
3
satisfying φ∗
p
ω0 = ω. Such a local chart will be called a Darboux chart. Composing the map φp
with a contact transformation of H1 also provides a Darboux chart. This implies we can prescribe
the image of a point p ∈ U and the image of a horizontal direction in TpM .
The metric gH can be uniquely extended to a Riemannian metric g on M by requiring T to be
a unit vector orthogonal toH . The Levi-Civita connection associated to g will be denoted by D.
The Riemannian volume element in (M , g) will be denoted by dM and coincides with Popp’s
measure [Mon02, § 10.6], [BR13]. The volume of a set E ⊂ M with respect to the Riemannian
metric g will be denoted by |E|.
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2.2. Torsion and the sub-Riemannian connection. The following is taken from [Gal12, § 3.1.2].
In a contact sub-Riemannian manifold, we can decompose the endomorphism X ∈ TM → DX T
into its antisymmetric and symmetric parts, which we will denoted by J and τ, respectively,
2g(J(X ),Y ) = g(DX T,Y )− g(DY T,X ),
2g(τ(X ),Y ) = g(DX T,Y ) + g(DY T,X ).
(2.4)
Observe that J(X ),τ(X ) ∈H for any vector field X , and that J(T ) = τ(T ) = 0. Also note that
(2.5) 2g(J(X ),Y ) = −g([X ,Y ], T ), X ,Y ∈H .
We will call τ the (contact) sub-Riemannian torsion. We note that our J differs from the one de-
fined in [Gal13, (2.4)] by the constant g([X ,Y ], T ), but plays the same geometric role and can
be easily generalized to higher dimensions, [Gal12, § 3.1.2].
Now we define the (contact) sub-Riemannian connection ∇ as the unique metric connection,
[Cha06, eq. (I.5.3)], with torsion tensor Tor(X ,Y ) =∇X Y −∇Y X − [X ,Y ] given by
(2.6) Tor(X ,Y ) := g(X , T )τ(Y )− g(Y, T )τ(X ) + 2g(J(X ),Y ) T.
From (2.6) and Koszul formula for the connection ∇ it follows that ∇T ≡ 0.
The standard orientation of M is given by the 3-form ω ∧ dω. If X p is horizontal, then the
basis {X p, J(X p), Tp} is positively oriented, in fact (ω ∧ dω)(X , J(X ), T ) and dω(X , J(X )) have
the same sign and
dω(X , J(X )) = −ω([X , J(X )]) =−g([X , J(X )], T ) = g(Tor(X , J(X )), T ) = 2 g(J(X ), J(X ))> 0.
2.3. Perimeter and Lipschitz surfaces. A set E ⊂ M has locally finite perimeter if, for any
bounded open set B ⊂ M , we have
P(E,B) := sup
ˆ
E ∩B
divU dM : U horizontal, supp(U)⊂ B, ||U ||∞ ¶ 1

<+∞.
The quantity P(E,B) is called the relative perimeter of E in B.
Assuming ∂ E is a Lipschitz surface and using the Divergence Theorem for Lipschitz bound-
aries, it is easy to show that the relative perimeter of E in a bounded open set B ⊂ M coincides
with the sub-Riemannian area of ∂ E ∩ B, given by
(2.7) A(∂ E ∩ B) =
ˆ
∂ E∩B
|Nh| d(∂ E).
Here N is the Riemannian unit normal to ∂ E, Nh is the horizontal projection of N to the hori-
zontal distribution, and d(∂ E) is the Riemannian area measure, all computed with respect the
Riemannian metric g, see [CDPT07].
2.4. Sets with prescribed mean curvature. Let Ω a domain in M and let f : Ω → R a given
function. We shall say that a set of locally finite perimeter E ⊂ Ω has prescribed mean curvature f
on Ω if, for any bounded open set B ⊂ Ω, E is a critical point of the functional
(2.8) P(E,B)−
ˆ
E∩B
f ,
where P(E,B) is the relative perimeter of E in B, and the integral on E ∩ B is computed with
respect to the canonical Popp’s measure on M . The admissible variations for this problem are the
flows induced by vector fields with compact support in B.
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Let Σ = ∂ E be a Lipschitz surface in Ω, we say that Σ has prescribed mean curvature f if it is a
critical point of the functional
(2.9) A(Σ∩ B)−
ˆ
E∩B
f ,
for any bounded open set B ⊂ Ω.
These definitions are the counterpart of the ones in the Euclidean setting, [Mag12, (12.32)
and Remark 17.11]. We note that they are been introduced in the sub-Riemannian setting in
[GR15b] .
Remark 2.1. If E is a critical point of the relative perimeter P(E,B) in any bounded open set B ⊂
Ω, then E has vanishing prescribed mean curvature.
3. A CHARACTERIZATION OF EUCLIDEAN LIPSCHITZ REGULAR SURFACES
The notion of regular surface in the sub-Riemannian geometry has been introduced by Franchi,
Serapioni and Serra Cassano, [FSS01, FSSC03]. They defined a regular surface Σ as the zero level
set of a function f , whose horizontal gradient ∇h( f ) never vanishes. The horizontal gradient is
defined as
∇h( f ) := X1( f )X1 + X2( f )X2,
where {X1,X2} is an orthonormal basis of H . We remark that the function f defining a regu-
lar surface Σ can be merely 1
2
-Hölder continuous from the Euclidean viewpoint and there exists
regular surfaces with fractional Euclidean Hausdorff measure, [KSC04]. This notion can not be
applied to Euclidean Lipschitz surfaces since ∇h( f ) is not defined at every point. On other hand
it is well-known that a regular surface can be locally described as an intrinsic graph, using an
implicit function theorem, see [FSS01, FSSC07, CM06].
Since we are mainly focused on local regularity property, it is not restrictive to describe an Eu-
clidean Lipschitz surface Σ as follows. Given a point p ∈ Σ, we consider a Darboux chart (Up,φp)
such that φp(p) = 0. The metric gH can be described in this local chart by the matrix of smooth
functions
G =

g11 g12
g21 g22

=

g(X ,X ) g(X ,Y )
g(Y,X ) g(Y,Y )

.
Under the assumption that Σ is an Euclidean Lipschitz surface, we can define p a regular point in
Σ if there exists (eventually after a Euclidean rotation around the t-axis) an open neighborhood
B ∩Σ that is the graph Gu of a Euclidean Lipschitz function u : D→ R defined on a domain D in
the vertical plane y = 0. A point p ∈ Σ is singular when it is not regular and we denote by Σ0 the
set of the singular points of Σ. We remark that an analogous notion was used in 3-dimensional
Lie groups in [BC11].
Now we introduce some geometric quantities of the graph Gu. We have that Gu can be param-
eterized by the map u : D→ R3 defined by
fu(x , t) := (x ,u(x , t), t), (x , t) ∈ D.
The tangent plane is defined in a.e. point in Gu and, when it exists, it is generated by the vectors
E1, E2 obtained in the following way
∂
∂ x
7→ E1 = (1,ux ,−u− xux) = X + uxY − uT,
∂
∂ t
7→ E2 = (0,ut , 1− xut) = utY + T.
Then the characteristic direction is given by Z = eZ/|eZ |, whereeZ = X + (ux + uut)Y.
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We observe that the vector eZ is well-defined and continuous in an Euclidean Lipschitz regular
surface since Gu is an intrinsic graph, see [ASCV06, BC10].
If γ(s) = (x(s), t(s)) is a C1 curve in D, then the lifted curve in Gu is
Γ(s) = (x(s),u(x(s), t(s)), t(s)− x(s)u(x(s), t(s)))⊂ Gu.
We stress that even if Γ is Lipschitz and the tangent vector
Γ′(s) = x ′ (X + uxY − uT ) + t
′ (utY + T ) = x
′X + (x ′ux + t
′ut)Y + (t
′− ux ′)T
exists for a.e. s, the vertical component of Γ′(s) is well defined in all point of Gu. In particular,
horizontal curves in Gu satisfy the ordinary differential equation t
′ = ux ′.
Remark 3.1. Since u ∈ Lip(D), we have uniqueness of characteristic curves through any given
point in Gu.
Finally, from [GR15b, (4.2)] and the approximation technique in [CMPSC14, Theorem 1.7],
we obtain
(3.1) A(Gu) =
ˆ
D
 
g22( fu)(ux + uut)
2 + 2g12( fu)(ux + uut) + g11( fu)
1/2
d xd t.
We remark that the functions gi j are bounded on the Darboux chart U .
4. REGULARITY OF PRESCRIBED MEAN CURVATURE SETS WITH LIPSCHITZ BOUNDARY
First we show a characterization on the area-stationary property of Gu
Proposition 4.1. Let Gu be the graph of an Euclidean Lipschitz function u : D → R, defined on a
Darboux chart by the parametrization
fu(x , t) := (x ,u(x , t), t), (x , t) ∈ D.
We suppose that the area of Gu is defined by (3.1) and Gu has prescribed mean curvature f . Then
(4.1)
ˆ
D
 
Kv +M (vx + uvt + vut

d xd t = 0
for any v ∈ C10 (D), where the functions K, K1 and M are given by
K = K1 − f det(G),
K1 =
∂ g22
∂ y
· (ux + uut)
2+ 2 ∂ g12
∂ y
· (ux + uut) +
∂ g11
∂ y
2(g22 · (ux + uut)
2+ 2g12(ux + uut) + g11)
1/2
,
and
(4.2) M =
g22(ux + uut) + g12
(g22(ux + uut)
2 + 2g12(ux + uut) + g11)
1/2
.
Proof. First we prove a first variation formula for A(Gu) for variations of Gu given by Gu+sv , where
v ∈ C10 (D) and s is a small parameter. Denoting w = u+ sv, we have
d
ds

s=0
A(Gw) =
ˆ
D
d
ds

s=0
 
g22( fw)(wx +wwt)
2 + 2g12( fw)(wx +wwt) + g11( fw)
1/2
d xd t.
Taking into account that
d
ds
gi j( fw) =
∂
∂ y
gi j( fw) ·
d
ds
w =
∂
∂ y
gi j( fw) · v
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and
d
ds
(wx +wwt) = vx + uvt + vut ,
we conclude
d
ds

s=0
A(Gw) =
ˆ
D
 
K1v +M (vx + uvt + vut

d xd t = 0.
Here K and M are defined in the statement of the proposition. On the other hand it is easy to see
that
d
ds

s=0
ˆ
subgraphGu+sv
f =
ˆ
D
f det(G) v d xd t,
which conclude the proof. 
Now we are able to prove the main regularity result
Theorem 4.2. Let M be a 3-dimensional contact sub-Riemannian manifold, Ω ⊂ M a domain, and
E ⊂ Ω a set of prescribed mean curvature f ∈ C(Ω) with Euclidean Lipschitz boundary ∂ E = Σ. If
Σ is locally a Lipschitz regular graph, then the characteristic curves are of class C2.
Proof. Given any point p ∈ Σ − Σ0, it is sufficient show the result in the Darboux chart (U ,φ)
introduced in Section 3. We consider
Z =
X + (ux + uut)Y
(g22(ux + uut)
2+ 2g12(ux + uut) + g11)
1/2
,
the tangent vector to an horizontal curve in Gu. The function M introduced in (4.2) coincides
with g(Z ,Y ) ◦ fu. Then
1= |Z|2 = det(G)−1
 
g22g(Z ,X )
2 − 2g12g(Z ,X )g(Z ,Y ) + g11g(Z ,Y )
2
and
(4.3) g(Z ,X ) =
g12g(Z ,Y )± (det(G)(g22 − g(Z ,Y )
2))1/2
g22
.
By Schwarz’s inequality g(Z ,Y )2 ¶ g(Y,Y ) = g22. Inequality is strict since otherwise Y and Z
would be collinear. Hence g(Z ,X ) has the same regularity as g(Z ,Y ) by (4.3).
Now we proceed as in the proof of [GR15b, Theorem 4.1], see also [GR15a, Theorem 3.5].
Assume the point p ∈ Gu corresponds to the point (a, b) in the x t-plane. The curve s 7→ (s, t(s))
is (a reparameterization of the projection of) a characteristic curve if and only if the function
t(s) satisfies the ordinary differential equation t ′(s) = u(s, t(s)). For ǫ small enough, we consider
the solution tǫ of equation t
′
ǫ(s) = u(s, tǫ(s)) with initial condition tǫ(a) = b + ǫ, and define
γǫ(s) := (s, tǫ(s)), with γ = γ0. We may assume that, for small enough ǫ, the functions tǫ are
defined in the interval [a− r, a+ r] for some r > 0.
We consider the parameterization
F(ξ,ǫ) := (ξ, tǫ(ξ)) = (s, t)
near the characteristic curve through (a, b). The jacobian of this parameterization is given by
det

1 t ′ǫ
0 ∂ tǫ/∂ ǫ

=
∂ tǫ
∂ ǫ
,
which is positive because of the choice of initial condition for tǫ and the fact that the curves
γǫ(s) foliate a neighborhood of (a, b). We remark that tǫ is a Lipschitz function with respect to ǫ,
[Tes12, Theorem 2.9], and the jacobian of the parametrization is well-defined. Using the implicit
function theorem for Lipschitz functions, [Cla76, Pap05], any function ϕ can be considered as a
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function of the variables (ξ,ǫ) by making ϕ˜(ξ,ǫ) := ϕ(ξ, tǫ(ξ)). Changing variables, and assum-
ing the support of ϕ is contained in a sufficiently small neighborhood of (a, b), we can express
the integral (4.1) as ˆ
I
ˆ a+r
a−r

Kϕ˜+M

∂ ϕ˜
∂ ξ
+ 2ϕ˜u˜t

∂ tǫ
∂ ǫ
dξ

dǫ,
where I is a small interval containing 0. Instead of ϕ˜, we can consider the function ζ˜ =
ϕ˜h/(tǫ+h− tǫ), where h is a sufficiently small real parameter. We get that
∂ ζ˜
∂ ξ
=
∂ ϕ˜
∂ ξ
·
h
tǫ+h− tǫ
− 2ϕ˜ ·
u˜(ξ,ǫ+ h)− u˜(ξ,ǫ)
tǫ+h− tǫ
·
h
tǫ+h− tǫ
tends a.e. to
∂ ϕ˜/∂ ξ
∂ tǫ/∂ ǫ
−
2ϕ˜u˜t
∂ tǫ/∂ ǫ
,
when h→ 0. So using that Gu is area-stationary we have thatˆ
I
ˆ a+r
a−r
h
tǫ+h− tǫ

K ϕ˜+M

∂ ϕ˜
∂ ξ
·+2ϕ˜ ·

u˜t −
u˜(ξ,ǫ+ h)− u˜(ξ,ǫ)
tǫ+h− tǫ

∂ tǫ
∂ ǫ
dξ

dǫ
vanishes. Furthermore, letting h→ 0 we concludeˆ
I
ˆ a+r
a−r

Kϕ˜+M
∂ ϕ˜
∂ ξ

dξ

dǫ = 0.
Let now η : R → R be a positive function with compact support in the interval I and con-
sider the family ηρ(x) := ρ
−1η(x/ρ). Inserting a test function of the form ηρ(ǫ)ψ(ξ), where
ψ is a C∞ function with compact support in (a − r, a + r), making ρ → 0, and using that Gu is
area-stationary we obtainˆ a+r
a−r
 
K(0,ξ)ψ(ξ)+M(0,ξ)ψ′(ξ)

dξ= 0
for any ψ ∈ C∞0 ((a − r, a + r)). By [GR15b, Lemma 4.2], the function M(0,ξ), which is the
restriction of g(Z ,Y ) to the characteristic curve, is a C1 function on the curve. By equation (4.3),
the restriction of g(Z ,X ) to the characteristic curve is also C1. This proves that horizontal curves
are of class C2. 
5. THE MEAN CURVATURE AND A CHARACTERIZATION OF CHARACTERISTIC CURVES
In this section we introduce the definition of the mean curvature of a regular Lipschitz bound-
ary and present some consequences. This results partially follows [GR15b, § 4] and we will omit
some proofs.
Given a Lipschitz surface Σ ⊂ M such that the characteristic curves are C2-smooth in Σ \Σ0,
we define the mean curvature of Σ at p ∈ Σ \Σ0 by
(5.1) H(p) := g(∇ZZ ,νh)(p).
This is the standard definition of mean curvature for Euclidean C2 surfaces, see e.g. [CHMY05,
(2.1)], [RR08, (4.8)] and [DGN07, (1.4)]. Using the regularity Theorem 4.2 we get
Proposition 5.1. Let Ω ⊂ M be a domain and E ⊂ Ω a set of prescribed mean curvature f ∈ C(Ω)
with Lipschitz boundary Σ with H ∈ L1
loc
(Σ). Then the first variation of the functional (2.9) induced
by an horizontal vector field U ∈ C10 (Ω) is given byˆ
Σ
H |NH | g(U ,νh) dΣ−
ˆ
Σ
f |NH | g(U ,νh) dΣ.(5.2)
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Proof. We first observe that formula
d
ds

s=0
A(Σs) = −
ˆ
Σ
H |NH | g(U ,νh) dΣ
can be proved as in [Gal13, § 6] with a standard approximation argument. Note that even N is
defined a.e. on Σ, |NH | and νh are well defined on Σ−Σ0. On the other hand, it is well-known
that
d
ds

s=0
ˆ
φs(Ω)
f

=−
ˆ
Σ
f |NH | g(U ,νh) dΣ,
see e.g. [Mag12, 17.8]. 
The following corollary is an immediate consequence of (5.2)
Corollary 5.2. Let E ⊂ Ω be a set of prescribed mean curvature f ∈ C(Ω) with Lipschitz boundary
Σ in a domain Ω ⊂ M. Assume H ∈ L1
loc
(Σ). Then H(p) = f (p) for any p ∈ Σ \Σ0.
Finally we can improve the regularity of Theorem 4.2 assuming an higher regularity for f .
Proposition 5.3. Let E ⊂ Ω be a set of prescribed mean curvature f ∈ C(Ω) with C1 boundary Σ in
a domain Ω ⊂ M. Assume that f is also Ck in the Z-direction, k ¾ 1. Then the characteristic curves
of Σ are of class Ck+2 in Σ \Σ0.
The proof of last proposition is the analogous of [GR15b, Proposition 5.3]. A remarkable
consequence of Proposition 5.3 is that critical points of perimeter (eventually under a volume
constraint) with Lipschitz boundaries are foliated by smooth horizontal curves on its regular set.
To provide a geometric characterization of characteristic curves we need the following defini-
tion
Definition 2. A curve γ is a ∇-geodesic of curvature h : I → R if
∇γ˙γ˙+ hJ(γ˙) = 0.
Remark 5.4. We stress that a ∇-geodesic of curvature h is a sub-Riemannian geodesic if and only
if it satisfies
γ˙(h) = g(τ(γ˙), γ˙),
see [Rum94, Proposition 15].
Proposition 5.5. Let E ⊂ Ω be a set of prescribed mean curvature f ∈ C(Ω) with Lipschitz bound-
ary Σ in a domain Ω ⊂ M. Then the characteristic curves in Σ−Σ0 are ∇-geodesic of curvature H,
where H is defined in (5.1).
Proof. Let Z the tangent unit vector to a characteristic curve γ : I → Σ−Σ0. Then we have
∇ZZ = g(∇ZZ , Z) + g(∇ZZ , T ) + g(∇ZZ ,νh)
= g(∇ZZ ,νh)
= −HJ(Z).

Remark 5.6. The result in Proposition 5.5 was shown for C2 CMC surfaces in H1, [DGNP10,
DGN07, RR08], in Sasakian space forms, [Ros12], and in general 3-dimensional contact mani-
folds, [Gal13, HP08, HP10, Gal14].
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